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Comment on "Lateral Vibration and
Stability Relationship of Elastically

Restrained Circular Plates"

ALEXANDER H. FLAX*
Institute for Defense Analyses, Arlington, Va.

RAO and Amba-Rao1 have presented the results of
Rayleigh-Ritz calculations for the vibration frequencies of

radially-compressed and elastically restrained circular plates and
have shown that a plot of the buckling load vs a frequency
parameter, /, which they describe as the "natural frequency," is
nonlinear. In fact, their / is proportional to the square root of
the natural frequency according to the definition given in their
nomenclature, as may also be readily verified from the known
solutions for the frequencies of circular plates without radial
loading.2 Moreover, there is no reason to expect the relationship
between either the natural frequency or the square root of the
natural frequency and the radial load to be linear, since the usual
linear relationship is between the square of the frequency and the
load.

The well-known relationship between compressive load and
frequency squared which applies for the case of a column (and
also for the critical speed of a compressed shaft) follows from
Southwell's theorem3 in the form of a lower bound

where P is the column load, P0 is the column buckling load,
co is the lowest natural frequency and co0 is the lowest natural
frequency in the absence of load P. The proof of this inequality
is straightforward and is based on Rayleigh's principle.

For pin-ended columns, the deflection curves in vibration and
in buckling are identical, and the equal sign applies. However,
in a great many other cases, this lower-bound inequality is also
very nearly an equality. Southwell's theorem also applies to the
case of additional loadings which may in themselves cause
instability. Care is needed in choosing the frequency and loading
parameters in the governing differential equations or energy
functionals so that Southwell's theorem will apply. In the case
of the radially-compressed .circular plate, it is clear from the
energy functionals2'4 that the linear inequality is between
frequency squared and compressive load.

It turns out in this case, as in many others, that the Southwell
inequality is extremely close to an equality so that a straight
line is an excellent approximation to the curve of frequency-
squared vs compressive load. (It is also worth noting that the
inequality also applies to tensile load if the sign of P is reversed.)
The near equality of the Southwell inequality may be readily
demonstrated by calculating for the clamped plate the function
<f) defined by

<t> = R/R* + W/*f (1)
where the notation is that of Ref. 1, in which R is the com-
pressive load, R* is the buckling load, / is the frequency para-
meter referred to above, and /* is the value of the frequency
parameter in the absence of compressive load. This gives, using
the data in Ref. 1, for R and /

Table 1 Frequency-load relationship

R/R* (///*)4 </>

0
0.1361
0.2721
0.4082
0.5442
0.6827
0.8163
0.9524
1.0

1.0
0.8690
0.7313
0.6030
0.4551
0.3258
0.1807
0.0404
0

1.0000
1.0051
1.0034
1.0102
0.9993
1.0085
0.9970
0.9928
1.0000

More decimal places have been retained here than are
warranted by the accuracy of the data in Ref. 1, so that the
deviations of 0 from unity are undoubtedly of the order of the
round-off errors involved. Thus, to a high degree of approxi-
mation

R/R* + (//A*)4 - R/R* + a)2/co0
2 w 1.0 (2)

and Southwell's theorem in this case may be regarded as an
equality to an accuracy far greater than that required for all
practical engineering purposes.

References
1 Singa Rao, K. and Amba-Rao, C. L., "Lateral Vibration and

Stability Relationship of Elastically Restrained Circular Plates,"
AIAA Journal, Vol. 10, No. 12, Dec. 1972, pp. 1689-90.

2 Timoshenko, S., Vibration Problems in Engineering, D. Van
Nostrand, New York, 1937, pp. 426^429.

3 Temple, G. and Bickley, W. G., Rayleigh's Principle, Dover, New
York, pp. 121-124.

4 Timoshenko, S., Theory of Plates and Shells, McGraw-Hill, New
York, 1940, p. 323.

Reply by Authors to A. H. Flax
K. SINGA RAO* AND C. L. AMBA-RAO+

Vikram Sarabbai Space Centre, Trivandrum, India.

WE thank Mr. Flax for his interesting comments. The present
work concerning the vibration and stability relationship of

structural elements is a part of a continuing program. Regretfully,

Received March 7, 1973.
Index categories: Structural Stability Analysis; Structural Dynamic

Analysis.
* President. Fellow AIAA.

Received May 7, 1973.
Index category: Structural Stability Analysis.
* Structural Engineer, Structural Engineering Division.
t Head, Structural Engineering Division. Member AIAA.


